Abstract. In 2016, Farrell presented an upper bound for the number of distinct eigenvalues of a perturbed matrix. Xu (2017), and Wang and Wu (2016) introduced upper bounds which are sharper than Farrell's bound. In this paper, the upper bounds given by Xu, and Wang and Wu are improved.
Introduction.
A lot of research has been done on perturbation of matrices. However, most of the research is focused on rank-one perturbation of symmetric matrices [1, 3, 4, 7, 8, 9] . In 2016, Farrell established an interesting result which deals with arbitrary rank perturbation of arbitrary matrices. Farrell formulated an upper bound for the number of distinct eigenvalues of arbitrary matrices perturbed by arbitrary rank and proved that the number of Krylov iterations required to solve a linear system involving a diagonalizable matrix can at most double after a rank one perturbation [2] . Recently, Xu has improved the upper bound that was given by Farrell [11] . Also, Wang and Wu presented a new upper bound for the number of distinct eigenvalues of a matrix after perturbation [10] . In this paper, we give an upper bound for the number of distinct eigenvalues of a perturbed matrix which improves all of the upper bounds above. We also show that our upper bound includes the upper bounds in [2, 10, 11] as a special case. The comparison between the upper bounds are as follows. Both Xu's upper bound [11] and Wang and Wu's upper bound [10] improve Farrells' upper bound [2] . Xu's upper bound [11] and Wang and Wu's upper bound [10] cannot be compared in general. Our upper bound improves all the upper bounds in [2, 10, 11] . We depict the relations between the upper bounds in the following diagram.
Definition 2.2. The defectivity of a matrix M is denoted by d(M ), and it is the sum of the defectivities of its eigenvalues, that is,
It is known that a matrix M is diagonalizable if and only if d(M ) = 0. For example, Hermitian matrices are diagonalizable, and hence, their defectivity is 0.
We state the formulas for the upper bound given by Farrell [2] , Xu [11] and Wang et al. [10] . max {ϕ(λ), ψ(λ)}, 
and
Hence, Xu's bound is sharper than Wang and Wu's bound.
We note that while Farrell's bound is less sharp, it relies only on information that is more readily available: In the typical case when the spectrum of the matrix A is known but the defectivity d(C) of the matrix C is not known.
Main result.
In this section, we give an upper bound for the number of distinct eigenvalues of a perturbed matrix which improves the upper bounds given in [2, 10, 11] . We begin with a general result on the bounds for the rank of the sum of two matrices. The following theorem gives an upper bound for the rank of a sum [5] . Thus, we have
which provide formulas for dim (R(A) ∩ R(B)) and dim (C(A) ∩ C(B)) in terms of ranks. In the next corollary, we restate Theorem 3.1 in terms of ranks only. We can now formulate our main result.
Let λ be an eigenvalue of A. By Corollary 3.2, we have
For λ ∈ S 1 , we get If λ ∈ Λ(A)\S 1 , then C − λI is nonsingular, and hence, rank(C − λI) = n. Thus,
we have n − min rank A − λI B , rank A − λI B = 0 for λ ∈ Λ(A)\S 1 . Now we compute an upper bound for |S 2 |.
Since |S 1 | ≤ |Λ(A)|, we obtain
From equations (3.1) and (3.2), we can deduce that if
We show that the upper bound in Theorem 3.3 improves the upper bound in Theorem 2.4. In particular, it is shown that the upper bound in Theorem 2.4 is a special case of Theorem 3.3. 
The term " n − Analogously, we also show that the upper bound in Theorem 3.3 improves the one in Theorem 2.5. In this case, two upper bounds in Theorem 3.3 and Theorem 2.5 are equal to each other if C is diagonalizable. We present an example supporting Corollary 3.6. 
The above yields
Hence, the upper bound in Theorem 3.3 improves the upper bound in Theorem 2.5 by 2.
Finally, for comparison, we present an example with all the bounds. In the example, we fix a matrix A and perturb it with matrices having various ranks. We utilize the facts that m g (C, λ) = m a (C, λ) − d(C, λ) for all λ ∈ Λ(C) and m g (C, λ) = 0 for λ ∈ Λ(A)\S 1 in order to improve the upper bound in Theorem 2.5 by a factor of d(C).
